In [Many disjoint dense subgraphs versus large k-connected subgraphs in large graphs with given edge density, Discrete Math. 309 (2009), 997-1000.], Böhme and Kostochka showed that every large enough graph with sufficient edge density contains either a kconnected subgraph of order at least r or a family of r vertex-disjoint k-connected subgraphs. Motivated by this, in this note we explore the latter conclusion of their work and give conditions that ensure a graph G contains a family of vertex-disjoint k-connected subgraphs. In particular, we show that a graph of order n with at least 2.5ksn ǫ edges contains a family of s disjoint k-connected subgraphs each of order at most ǫn. We also show for k ≥ 2, the vertices of a graph with minimum degree at least 2k √ n can be partitioned into k-connected subgraphs. The degree condition in the latter result is asymptotically best possible as a function of n.
Introduction
All graphs in this paper are simple and finite. Given a vertex v in a graph G and set A ⊆ V (G), we let d A (v) denote the number of neighbors of v in the set A. The edge density of G is defined to be |E(G)|/|V (G)|. We let |G| = |V (G)| denote the size of the graph G.
A graph is k-connected if the removal of any collection of fewer than k vertices from G leaves a connected graph with at least two vertices. In [4] , Böhme and Kostochka proved the following result, which states that a graph with sufficient edge density contains either a single large dense subgraph or a large collection of vertex-disjoint dense subgraphs.
Theorem 1 (Böhme and Kostochka [4] ) For any positive integers d, k, s, t there is a number M = M (d, k, s, t) such that every graph on n vertices with at least (d + k − 1)n + M edges contains either a k-connected subgraph with at least t vertices or s pairwise vertex-disjoint subgraphs with edge density at least d.
In [5] , Mader proved the following.
Theorem 2 (Mader [5] ) If a graph G of order n contains at least 2kn edges, then G contains a k-connected subgraph.
Together with Theorem 1, this yields the following corollary.
Theorem 3 (Böhme and Kostochka [4] ) There exists a function N : N × N → N such that for r, k ≥ 1, every graph with edge density at least 3k and at least N (k, r) vertices contains either a k-connected subgraph with at least r vertices, or r pairwise vertex-disjoint k-connected subgraphs.
In this paper, we are interested in exploring the latter conclusion of Theorem 3; specifically we wish to examine conditions that ensure a graph has a large collection of k-connected subgraphs. Our first result is closely related to Theorem 1 in that it uses only an edge density condition to imply the existence of many disjoint highly connected subgraphs.
Theorem 4 Given integers s, k ≥ 1 and a positive real number ǫ < min{ We observe that that the number of edges in Theorem 4 must depend on both s and k.
As an example, consider K sk−1 ∨ K n−sk+1 , where ∨ denotes the standard graph join. This graph has (sk − 1)n − (sk − 1)(sk/2) edges, but does not contain s vertex-disjoint k-connected subgraphs. Thus the edge density necessary to ensure the existence of s vertex-disjoint kconnected subgraphs must depend on both s and k. However, even with the restriction that each of the k-connected subgraphs has size at most ǫn, we feel that the condition |E(G)| ≥ 2.5ksn ǫ could be improved. In addition to edge density conditions, we also consider minimum degree conditions that allow us to partition a graph into highly connected subgraphs. In our next result, we show that δ(G) = Θ( √ n) is the minimum degree threshold ensuring such a partition.
can be partitioned into at most 2kn δ parts, each of which induces a k-connected subgraph of G. This result is asymptotically best possible, in that δ(G) = o( √ n) is not sufficient to assure such a partition of V (G).
To see that the degree condition of Theorem 5 is best possible with respect to the order of magnitude of δ as a function of n, consider the following construction. Given an integer k, choose δ so that δ k−1 = n−1 δ+1 (and, for the sake of simplicity, assume that δ and n are chosen such that these quantities are integers). Let H i be a copy of K δ+1 for i ∈ {1, . . . , δ/(k − 1)} and let v be a vertex with exactly k−1 neighbors in each H i . The vertex v is in no k-connected subgraph and the graph has minimum degree δ, which is approximately √ kn. In Sections 2 and 3 we prove Theorems 4 and 5, respectively. Finally, in Section 4, we give a number of applications that arise as corollaries to our results.
Proof of Theorem 4
We begin with a lemma in the spirit of Theorem 2.
Lemma 1 Let k be a positive integer, and let ǫ < 1 be a positive real number. If G is a graph of order n and size at least 2.5kn ǫ , then G contains a k-connected subgraph of order at most ǫn.
Proof: Throughout this proof, we assume that ǫn is an integer. Note first that the result is trivial if k = 1 and vacuous if n < 5k ǫ . Thus we let k ≥ 2 and n ≥ 5k ǫ , and further suppose that G contains no k-connected subgraph of order at most ǫn. This implies, by Theorem 2, that any collection of ǫn vertices in G must induce a subgraph with fewer than 2kǫn edges. As any edge of G lies in precisely n−2 ǫn−2 induced subgraphs of order ǫn, we have that
Therefore,
n−1 ǫn−1 . Thus ǫn < 5 − 4ǫ, contradicting the assumption that n ≥ 5k ǫ .
We are now ready to prove Theorem 4.
Proof:
We proceed by induction on s, with the base case following from Lemma 1. Suppose then that s ≥ 2, and let F 1 , . . . F s−1 be a collection of vertex-disjoint k-connected subgraphs of G, each of order at most ǫn, and amongst all such families, assume that F = F 1 ∪ F 2 ∪ . . . F s−1 is of minimum order. The minimality of F implies that G[V (F )] has fewer than 2.5(s − 1)k|F | ǫ edges; otherwise induction implies the existence of s−1 vertex-disjoint k-connected subgraphs on (s − 1)ǫ|F | vertices. By Lemma 1, we may also assume that the subgraph induced by X = V (G) \ V (F ) has fewer than (2.5k|X|)/ǫ edges.
To bound the number of edges joining X and F , we begin by splitting each vertex set V (F i ) into four sets A i , B i , C i , and
. By Theorem 2, for any F i and any set S of ⌈|F i |/4⌉ vertices in X, the number of edges joining S and F i is at most 8k|F i |, lest we could replace F i with a smaller k-connected subgraph contained in either S ∪ A i , S ∪ B i , S ∪ C i , or S ∪ D i . Since it is possible to cover all of the vertices in X using at most |X| ⌈|F i |/4⌉ sets of size ⌈|F i |/4⌉, this implies that the total number of edges joining X and F i is bounded above by
Summing over the (s − 1) choices for F i , there are fewer than 32k(s − 1)|X| + 8k|F | edges joining F to X. Together with the assumption that ǫ < 5 64 , these imply that
Proof of Theorem 5
Proof: We proceed by induction on n, with the base cases of n < 4k 2 holding vacuously. Thus, assume n ≥ 4k 2 and note that if G is k-connected, then the trivial partition into one part suffices to demonstrate the theorem. Therefore, suppose there exists a minimum cut-set C of G such that |C| ≤ k − 1. Each component of G \ C necessarily contains at least δ − |C| vertices, which means we may assume n ≥ 2δ − k + 1 or n ≥ 4k √ n − k. Solving for n, we get
Let C 0 and C 1 be smallest and largest component of G \ C, respectively. In order to apply the induction hypothesis to C 1 , we need to show that δ(C 1 ) ≥ 2k |C 1 |. We know that
Since n is positive, it follows that
Thus we have the following inequality:
Consequently, by induction, there is a partition of C 1 into at most
δ parts, each of which is k-connected. Let C 2 = G \ (C ∪ C 1 ) be the subgraph consisting of the union of all components of G \ C other than C 1 . By the same argument, there is a partition of C 2 into at most 2kn δ k-connected parts. Thus, these two partitions together comprise a partition P of G \ C into at most 4kn δ parts, each of which is k-connected. We now extend P to a partition of the entire graph. Let v be a vertex of C. We know that d G\C (v) ≥ δ − k + 2 so v must be joined by at least
edges to some subgraph H in P. Since we have assumed n ≥ 9k 2 , we have
A simple consequence of Menger's Theorem then implies that H ∪ v is k-connected and hence every vertex in C can be absorbed into at least one subgraph in P. Thus, we have produced a partition of G into at most 4kn δ parts, each of which is k-connected; call this partition P ′ . Now suppose that |P ′ | = t > 2kn δ and let C ′ 0 be a smallest subgraph in P ′ ; consequently
edges joining v to some other subgraph in P ′ . Again, Menger's Theorem implies that every vertex of C ′ 0 can be absorbed into some other element of P ′ , resulting in a partition of G into t − 1 k-connected subgraphs. Iterating this process, we obtain a partition of G into at most 2kn δ subgraphs, each of which is k-connected.
Applications
As large connectivity implies a number of interesting and useful properties, we obtain a variety of corollaries to our results.
A graph G is k-linked if for any 2k vertices s 1 . . . , s k , t 1 , . . . , t k in G, there exist vertexdisjoint paths P 1 , . . . , P k such that P i is an s i − t i path for 1 ≤ i ≤ k. A well-known result of Thomas and Wollan [7] implies that if G is 10k-connected, then G is k-linked. Using this, we get the following corollaries of Theorems 4 and 5 respectively.
Corollary 6 Given integers s, k ≥ 1 and a positive real number ǫ < min{ edges, then G contains s vertex-disjoint k-linked subgraphs each of order at most ǫn.
√ n, then there exists a partition into at most 20kn δ parts, each of which is k-linked.
For a fixed (multi)graph H, a graph G is H-linked if any injection f : V (H) → V (G) can be extended to an H-subdivision in G. Let H be a graph of size m without isolated vertices. It is elementary to prove that any m-linked graph is H-linked, allowing us to slightly modify Corollaries 6 and 7 and replace "k-linked" with "H-linked". In particular, we obtain the following.
Corollary 8 Let H be a graph of size m without isolated vertices. Given an integer s ≥ 1 and a positive real number ǫ < min{ This corollary is somewhat related to the following result of Böhme and Kostochka [3] .
Theorem 9 There exist a function f : N → N and a function N : N × N → N such that every graph with average degree at least f (r) and order at least N (r, s) has a minor isomorphic to s disjoint copies of K r or a minor isomorphic to K r,s .
We also observe that Theorem 5 implies that, in some sense, a graph with minimum degree only Ω( √ n) is almost k-connected. Define the edit distance between two graphs G and H to be the number of edges one must add or remove to obtain H from G (edit distance was introduced independently in [1] , [2] , and [6] ). More generally, the edit distance between a graph G and a set of graphs G is the minimum edit distance between G and some graph in G .
Corollary 10 For k ≥ 2, if δ(G) = δ ≥ 2k √ n, then the edit distance between G and a k-connected graph is at most
Proof:
Let H 1 , . . . , H ℓ be the k-connected subgraphs of the partition guaranteed by Theorem 5; note that ℓ ≤ 2kn/δ. For each i ∈ {1, . . . , ℓ − 1}, it is possible to produce a matching of size k between H i and H i+1 by adding at most k edges between H i and H i+1 . Thus, adding at most k(2kn/δ − 1) edges yields a k-connected graph.
Our final corollaries provide Ramsey-type results using Theorem 4. Each uses a simple application of the pigeonhole principle to ensure a sufficient numbers of edges in a single color.
Corollary 11 Given integers s, k, m ≥ 1 and a positive real number ǫ < min{ 
